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Abstract 



Motivated by the problem of rinding an explicit description of a de- 
velopable narrow Mobius strip of minimal bending energy, which was 
first formulated by M. Sadowsky in 1930, we will develop the theory 
of elastic strips. Recently E.L. Starostin and G.H.M. van der Heijden 
found a numerical description for an elastic Mobius strip, but did not 
give an integrable solution. We derive two conservation laws, which 
describe the equilibrium equations of elastic strips. In applying these 
laws we find two new classes of integrable elastic strips which corre- 
spond to spherical elastic curves. We establish a connection between 
Hopf tori and force-free strips, which are defined by one of the inte- 
grable strips, we have found. We introduce the P-functional and relate 
it to elastic strips. 

1 Introduction 

Sadowsky [6] showed that the bending energy E(Fy) = J M H 2 dA of an 
infinitely narrow developable strip is proportional to 



We define elastic strips as critical points of (1), among all variations leaving 
the length fixed. E.L. Starostin and G.H.M. van der Heijden [7] generalized 
the variational problem of minimizing the energy of developable strips with 
finite width. They derived first integrals by using the variational bicomplex 
and obtained six balance equations for the components of the internal force 
F and moment M in the direction of the Frenet frame 



By using a computer software they found a numerical description of an elas- 
tic Mobius strip, but they did not give explicit formulas and integrable so- 
lutions. From the integrable geometric point of view it turned out to be 
more convenient to compute the internal force 6q and torque b\ in a fixed 




(1) 



F' + uj x F = 0, M' + ujxM + TxF = Q. 



(2) 



coordinate system, so that 60 anci &i become conservation fields along elastic 
strips themselves. We derive these conservation fields, which are all based 
on an low technology approach. The conservation laws enable us to find 
two new integrable systems of elastic strips. These elastic strips correspond 
to spherical elastic curves. Furthermore, we introduce the P-functional and 
show that the tangent image of the centerline of an elastic strip is a critical 
point of the P-functional, which enables us to reduce the variational problem 
to spherical geometry. In summery, in this paper we prove: 

First Conservation law of elastic strips. A strip is elastic iff the force 
vector 

b = aiT + a 2 N + a 3 B (3) 

is constant, with 

ai := l -{K 2 (l + \ 2 ) 2 +ri) 

02 := k(1 + A 2 ) 2 + 2k(1 + A 2 )AA' (4) 
a 3 := - (k 2 (1 + A 2 ) 2 A + (^(1 + A 2 )2A)' + ((1 + A 2 )2A)") . 

Second Conservation law of elastic strips. For an elastic strip the 
torque vector 

hi = Sl T + s 2 N + s 3j B - 7 xb (5) 

is constant, whereby 

si := 2kA(1 + A 2 ) 

s 2 := -(2 K A(1 + A 2 ))' (6) 

K 

s 3 :=k(1 + \ 2 )(1-\ 2 ). 

By applying the conservation laws we find two classes of integrable sys- 
tems, namely elastic momentum strips, which are defined by s[ = 0, and 
force-free strips. We prove 

Theorem 1. For an elastic momentum strip the binormal B of 7 is a 
spherical elastic curve. Conversely for each such arclength parametrized 
spherical curve B : [0, L] — > S 2 with non-vanishing geodesic curvature A and 
T := B x B' the space curve 

l(t) = j\l + ^- ) )T(s)ds (7) 
defines an elastic momentum strip. 
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Theorem 2. For a force-free strip the tangent vector T of 7 is a spherical 
elastic curve with Lagrange multiplier 1. Conversely for each such spherical 
arclength parametrized curve T: [0, L] — > S 2 with geodesic curvature A the 
space curve 

r-t 

l + \ 2 {s))T{s)ds (8) 



lit) = [ ( 
J 



defines a force-free strip. 

We present two different methods to prove the last theorem. The first 
method uses the conservation laws, while the second method does not even 
require the calculus of variation, but only an elegant argument. The sec- 
ond argument can be generalized and reduces the problem of finding the 
center line 7 of an elastic strip to it's tangent image. 

2 Elastic strips 

Let 7: [0, L] — > R 3 be regular Frenet curve with velocity v = \ Denote 

IV x V'| 2 

the curvature, torsion and modified torsion of 7. 



7 = vT 

T = vkN , 

12 

AT' = -vkT + vAkB v ; 

B' = —vXkN. 
We investigate ruled surfaces described by 

F 1 : [-e,e] x [0,L] ^ M 3 , F 7 (t,u) = j{t) + uD(t), (13) 

where = X(t)T(t) + denotes the modified Darboux vector. One 

can show that this surface is developable and 7 is a pregeodesic of the sur- 
face. We call these surfaces rectifying strips. We investigate rectifying in- 
finitely narrow strips which are critical points of the Willmore-functional 
E{F 1 ) = f M H 2 dA among all space curves with fixed end points and L := 
m\ t=0 L(jt) = 0. Wunderlich [8] showed that the limit e -)• J M H 2 dA 
is proportional to the Sadowsky functional 5(7) = J Q L k 2 {1 + \ 2 ) 2 ds. This 
gives rise to the following 
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Definition 1. A strip F 7 is elastic, if 7 is a critical point of the modified 
Sadowsky functional 

^(7)= /V(l + A 2 ) 2 -/^, (14) 
J 

where n is a Lagrange multiplier, standing for the length constraint. A Frenet 
curve 7 : (0, L) — > M 3 defines an elastic strip, if 7 defines an elastic strip on 
each closed subinterval of (0, L). 

Remark 1. A helpful observation is that 7(5) := fi^(s) is a critical point 
of S_£ iff 7 is a critical point of S^. In fact, since k = f , A = A, v = fiv 
and the scaling of 7 is compatible with our boundary condition, we obtain 
iS* M = Sj^. By scaling the curve one can always achieve fj, = —1 or fi = 1. 

3 Conservation laws of elastic strips 

First we start with a technical variational 

Lemma 1. Let 70 : [0, L] i-> M 3 be an arclength parametrized Frenet curve 
and 7 : [— e, e] x [0, L] 1— > M 3 a variation of 70 with variational field 7(5) := 
§t\ t=0 -ft(s) = u 1 (s)T{s) + u 2 {s)N(s)+u 3 (s)B(s). Then 

V = u\ — KU2 

k = u\k + u 2 (k 2 (1 — A 2 )) — 2u' 3 Xk — u 3 (Xk)' + u 2 

• w AXk)" (Ak)'k' x3 x , ltn \' (Ak)\ fl5) 

+ _ U3 AA' + «' 3 (1 + A 2 ) - u' 3 '4 + < A- 
Proof. Since (7)' = (7')' we have 

vT + T = (u[ - u 2 k)T + (uik + u 2 - Xku 3 )N + (u 3 + Xku 2 )B. 

Hence 

v = u\ — U 2 K 

T = (u±k + u' 2 - Xku 3 )N + (Aku 2 + w 3 )-B. 

Furthermore (T")' = (T)' yields 

miV + /iiV + kN = — (u\n + v! 2 — Xku 3 )kT 

+ {( u 2 + u i K ~~ Xku 3 )' — (Xku 2 + ti 3 )A«) iV 
+ {{Xku 2 + u 3 )' + Xk(uik + u' 2 — AKU3)) B. 
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By comparing the coefficients we obtain 
k = u 2 + u\k + u\k' — (Xk)'u 3 — Xku' 3 — u' 3 Xk — (Xk) 2 u 2 — v! x k + u 2 k 2 
= u\K + (1 — X 2 )k 2 u 2 + u 2 — (Xk)'u3 — 2Xku 3 

N = — (u 2 + u\K — u 3 Xk)T H — ((u 2 + u\K — Xku 3 )Xk + (u' 3 + Xk u 2 )') B. 

K 

Finally (TV)' = (N'y gives 

(N'y = (-vkT + XkvB)- 

= (-vk)'T - kT + (Xk + Xk + Xkv)B + XkB 
((N'y, B) = -k(Xku 2 + u 3 ) + Xk + Xk + Xkv , 

(N)',b\ = (- ((uik + u 2 - Xku 3 )Xk + (Xku 2 + u' 3 )))' 

l K 

=^ Xk = (— ((u\K + u 2 — Xku 3 )Xk + (Xku 2 + u 3 )'))' 

K 

— Xk — Xkv + Xk 2 u 2 + ku' 3 
= Ui (kX)' + u[kX + u 2 (-(Xk)" - i^M. _ (1 _ a 2 )Ak 2 + 2Xk 2 

K K 

+ u' 2 (2X' + ^) + u'iX - (X 2 k)'u 3 - X 2 kv! 3 + -u' 3 " - ^"s 

K K K 

— Xu\K + X(Xk)'u 3 + 2X 2 ku' 3 — Xku'± + ku' 3 . 
X = U!-((kX)' - Xk) + u\(Xk - Xk) 

K 

((Xk)" (Xk)'k' X1 x2xx ox \ ,.\'k (Xk)\ 
+ u 2 i^J- - ^J- - (1 - X 2 )Xk + 2XkJ + u' 2 (2-^ + ^-) 



+ 4- + u 3 (- K - '- + -(A«)') + u' 3 (l + A ) + 4(-^) + -^ 3 " 

Kj Kj Kj K K 

((Xk)" (Ak)'k' x3 
= uiA' + u 2 ^f- - - — 5— + A j k + Xk 

\ K z K 

+ u ' 2 (4 + ^) + ^ - u3Ay + ^ (i + a2) - + ^ 

□ 

In the following, we do not distinguish between the symbols 70 and the 
variation 7 while computing the first variation formula for the integrand of 
the modified Sadowsky functional. 

Lemma 2. Let 7: [0, L] >-)• M 3 be an arclength parametrized curve that 
defines an elastic strip. Consider a variation 7 with variational field 
7 = u\T + u 2 N + u 3 B, then 

\ !■ (k 2 (1 + A 2 ) 2 - n)vt = U 2 fl + U3f2 + b' (16) 
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with 



h := («'(1 + A 2 ) 2 + 2k(1 + A 2 )AA / ) / + |(ac 2 (1 + A 2 ) 2 + fi) 



+ Ak k 2 (1 + A 



2\2 



^(1 + A 2 )2A)' + (1 + A 2 )2A)") 



/ 2 := - (« 2 (1 + A 2 ) 2 A + (^(1 + A 2 )2A)' + ((1 + A 2 )2A)"y 
+ k\ (k'(1 + A 2 ) 2 + 2/e(l + A 2 )AA') 



6:=Ui (I(k 2 (1 + A 2 ) 2 -^) 

+ u 2 ((6AA'rc + 2AV)(1 + A 2 ) - (k(3A 2 + 1)(1 + A 2 ))' 
+ u' 2 (k(3A 2 + 1)(1 + A 2 )) 

+ u 3 ((2A^(1 + A 2 ))' + (2A(1 + A 2 ))' 
- u 3 (2A-(l + A 2 ) + (2A(1 + A 2 ))') + u'i (2(1 + A 2 )A) . 

Hi 



(17) 



(18) 



(19) 
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Proof. 

1 d_ 

2 dt 

1 



t=0 



(k 2 (1 + A 2 ) 2 - n)v + kk(1 + A 2 ) 2 + 2k 2 (1 + A 2 )AA 
P Ul (k'k (1 + A 2 ) 2 + 2k 2 AA'(1 + A 2 )) + u[ Q (k 2 (1 + A 2 ) 2 - /x)) 

+ u 2 Q« 3 (l + A 2 ) 2 (l + 2A 2 ) + + 2(1 + A 2 )A U\k)" - (Ak)'^Q ) 

+ u' 2 (2(1 + A 2 )A (2A ; « + (Arc)')) + u 2 (rc(l + A 2 ) 2 + 2/c(l + A 2 )A 2 ) 
+ u 3 (-#s(l + A 2 ) 2 (Ak)' - 2k 2 (1 + A 2 )A 2 A') 
+ u' 3 (-2k 2 (1 + A 2 ) 2 A + 2k 2 (1 + A 2 ) 2 A) 

+ u'i (-2(1 + A 2 )A^Q + < (2(1 + A 2 )A) 

+u 2 (V (1 + A 2 ) 2 + 2/c(l + A 2 )AA')' + ^(k 2 (1 + A 2 ) 2 + fi) 

+Ak (« 2 (1 + A 2 ) 2 A + (^(1 + A 2 )2A)' + (1 + A 2 )2A)")) 



. K 



\ 2 ) 2 ; 

v2\2 i o.r-i , \2\ 



+ u 3 ( - ( k 2 (1 + A 2 ) 2 A + (^(1 + A 2 )2A)' + ((1 + A 2 )2A)" 



+k\ (k'(1 + A 2 ) 2 + 2k(1 + A )AA')) 
+ (u 1 ( 1 -(k 2 (1 + \ 2 ) 2 -h) 

+u 2 ((QXX'k + 2AV)(1 + A 2 ) - (k(3A 2 + 1)(1 + A 2 ))' 
+u 2 (k(3A 2 + 1)(1 + A 2 )) 

+u 3 ((2A^(1 + A 2 ))' + (2A(1 + A 2 ))" 
-u' 3 (2A^(l + A 2 ) + (2A(1 + A 2 ))') + u'i (2(1 + A 2 )A)) . 



Comparing the expression above with (jlTl) , rtl8h and (|19|) we obtain (16) as 



desired. □ 
Proposition 1. 

1. The critical points of are characterized by the Euler- Lagrange equa- 
tions fi = / 2 = 0. 

2. If 7 is a critical point of Su,, then for each variation 0/7, which leaves 
the integrand of the Sadowsky functional (k 2 (1 + A 2 ) 2 — fi)vt invariant, 
one obtains b' = 0. 
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Proof. 



1. Let 7 be a critical point of Su. Since the Sadowsky functional is in- 
variant under reparameterizations, we can assume 7 to be arclength 



parametrized. From (|16|) we obtain for each proper variation of 7 







at 



t=0 



{u 2 (s)f 1 (s) + u 3 (s)f 2 {s) + b'(s))ds 



(«2(s)/i(a) + u 3 (s)f 2 (s)+)ds + b(L) - 6(0). 



Using the fact that b(L) = 6(0) = for a proper variation, we obtain 
the desired Euler-Lagrange equations fi = f 2 = 0. 

2. The invariance of (re 2 (1 + A 2 ) 2 — /i)«t with respect to t implies: 



2 at 



( K 2 ( s )(l + A 2 ( s )) 2 -^Ms) 
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n 2 ( S )/ 1 ( S ) + u 3 ( S )/ 2 ( S ) + 6 , ( S ) 
6'( S ). 



□ 



Recently Th. Hangan [T] derived the two Euler-Lagrange equations of 
(1), while his second equation coincides with ours, it seems unlikely that his 
first equation is equivalent to f\. 

It is apparent from the Euler-Lagrange equations that planar critical points 
of the modified Sadowsky functional are just planar elastic curves. Further- 
more helices solve the Euler-Lagrange equations. To obtain more solutions 
we use the symmetries of the Sadowsky functional in the spirit of the Noether 
theorem. Obviously the Euclidian group leaves (k 2 (1 + A 2 ) 2 — /j,)v invariant. 
This transformation group is generated by translations and rotations. For a 
variation consisting only of translations we obtain: 

7i(s) = 7(5) + ta for an arbitrary a£R 3 
=> 7 = a = (a, T) T + {a, N) N + (a, B) B. 

Ml M2 M3 

Computing u' 2 , u' s , U3 one gets 

-k (a, T) + Xk (a, B) 
-Xn(a,N) 

-(Xk)' (a, N) + Xk 2 (a, T) - A V (a, B) . 



u 2 

4 
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From (19) we obtain that 



h - ( a, Uk\1 + A 2 ) 2 + n)T + (k'(1 + A 2 ) 2 + 2k\'\(1 + A 2 ))iV 

(20) 

k 2 (1 + A 2 ) 2 A + ( 2-A(l + A 2 ) J + (2A(1 + A 2 ))" J B * 
is constant for any a £ M 3 . This however implies that 

6 := ^(k 2 (1 + A 2 ) 2 + y)T + (k'(1 + A 2 ) 2 + 2«A'A(1 + A 2 ))A^ 
k 2 (1 + A 2 ) 2 A + (^A(l + A 2 )^ + (2A(1 + A 2 ))") B 
is constant. 

By taking into account that Jj L^7(s) = w x j(s) for w £ M 3 and At £ 
SO (3) one obtains in a quite similar way that 

h = siT + s 2 N + s 3 B-jxb 

is constant for elastic strips, where 

si := 2kA(1 + A 2 ) 

S2 := -(2kA(1 + A 2 ))' (21) 
s 3 :=k(1 + A 2 )(1-A 2 ). 

In the following we show that elastic strips are characterized by 60 being 
constant. More precisely, we show that the constants of bo is equivalent to 
the Euler-Lagrange equations. 

First Conservation law of elastic strips. 

A strip is elastic iff the force vector &o = a \T + a 2 N + a$B is constant, with 
O! :=^ 2 (l + A 2 ) 2 + /i)) 

o 2 := k'(1 + A 2 ) 2 + 2k(1 + A 2 )AA / (22) 
a 3 := - L 2 (l + A 2 ) 2 A + (^(1 + A 2 )2A)' + ((1 + A 2 )2A)") . 

Proof. 

It suffices to show 

b' = fiN + f 2 B, (23) 
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since bo is constant iff b' Q = iff f\ = f 2 = iff 7 defines an elastic strip. 
Using the Frenet formulas we get 

b' Q = (a[ — K,a2) T + (a 2 + Kai — nXas) N + (a' 3 + kAg^) B 

v v ' v v ' N v ' 

=0 h h (24) 

= fiN + f 2 B. 

Since a2 = the T-coefficient drops out and one calculates 

a! 2 + koi - kAo 3 = (k'(1 + A 2 ) 2 + 2/e(l + A 2 )AA')' 
+ f(- 2 (A 2 + l) 2 + ^) 

+ k\ (k 2 (1 + A 2 ) 2 A + (^(1 + A 2 )2a)' + ((1 + A 2 )2A)") 
= fi 



a' 3 + Xna 2 = - (k 2 (1 + A 2 ) 2 A + ^(1 + A 2 )2A^ + ((1 + A 2 )2A)") 
+ k\ (V ((1 + A 2 )) 2 + 2k(1 + A 2 )AA') 

= /2 • 



□ 



Second Conservation law of elastic strips. 

For an elastic strip the torque vector b\ = s\T + s 2 N + S3B — 7 x 60 is 
constant, whereby 

si := 2kA(1 + A 2 ) 
s 2 := -(2kA(1 + A 2 ))' 

K 

s 3 := k(1 + A 2 )(l - A 2 ). 

Furthermore, if b\ is constant but 7 does not define an elastic strip, then 
I7I is conserved. 

Proof. 

First we show 

b[ = -jxb' . (25) 
This implies that 61 is conserved. Using the Frenet formulas one obtains 
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b'l = (s[ — KS2)T 

+ (ksi + s' 2 - Xks 3 - (T x b , N))N 

-as —as 

+ ( s' 3 + Xks 2 - {T x b ,B) )B -7x6; 

Since s 2 = h s i : the T-coemcient drops out. Using 

(Tx6 ,A r ) = (A r xr,6 ) = -a 3 
(T xb ,B) = (B xT,b ) = a 2 

and the definition of &o > one shows that the terms in front of N and B vanish 
as well: 

The N term vanishes since 

ksi + s 2 - Xks 3 = 2k 2 (1 + A 2 )A + (-{2k\{1 + A 2 ))')' 

K 

- Ak 2 (1 + A 2 )(l - A 2 ) 



.2/ 1 i \2)2 



Xk'{1 + X z Y+ [ -2X(l + X 2 



(26) 



+ (2A(l + A 2 ))" = -a 3 . 

The B term vanishes since 

4 + \ KS2 = + A 2 )(l - A 2 ))' + A (2Ak(1 + A 2 ))' 
= k'(1 + A 2 )(l - A 2 ) + + A 2 )(l - A 2 ))' 

+ 2k'A 2 (1 + A 2 ) + 2kA(A(1 + A 2 ))' 
= k'(1 + A 2 ) 2 + k(-4A 3 A' + 6A 3 A' + 2AA') 
= K , (l + A 2 ) 2 + 2/t(l + A 2 )AA / 
= a 2 . 

This shows that b[ = —7 x b' Q . Therefore b\ is constant if 60 is constant. 
Conversely we assume b\ is constant but 7 does not define an elastic strip. 



(27) 



From (23) we obtain b' = f\N + f 2 B, which implies 

= b' 1 = - 1 x(f 1 N + f 2 B). 

Hence 7 lies in the span of N and B. In particular we obtain 

(7,7/ = 2< 7 ,T) =0 . 



□ 
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Proposition 2. Let 7 define an elastic strip such that a\ is constant, then 
7 is a cylindrical helix. 

Proof. 

For an elastic strip 60 is constant. Since {bo,T) = a± is constant, we 
conclude that 7 is a slope line. This implies A to be constant. Since 

oi = ^(k 2 (1 + A 2 ) 2 + ^) 

is constant, k must be constant as well. Therefore the strip is defined 
by a cylindrical helix. 

□ 

The following proposition was already known by Th. Hangan and C. 
Murea [2]. Since they worked with different Euler-Lagrange equations, we 
give a proof which only uses the conversation laws. 

Proposition 3. Letj: [0, L] 1— > M 3 be an arclength parametrized non-planar 
geodesic on a cylinder with non-constant curvature, then 7 defines an elastic 
strip iff the planar curve 

j(s)=j{as)--s(XT + B), (28) 
a 

with a := VT+ A 2 , is an elastic curve with zero energy, i.e. = k' 2 + + 
Ik 2 for some I < 0. 

Proof. Geodesies on a cylinder are slope lines in M 3 . Thus A and AT + B 
are constant. If 7 defines an elastic strip, then 60 and b\ are conserved. 
Therefore 

(61, AT + B) = Asi + s 3 - (7 x h, XT + B) 

= K (l + A 2 ) 2 -<7,&ox(AT + £)>, (29) 

hence 

6' tta 2 " 60 x (at + B) ) = k ~ V 1 ' TTa 2 (AT + B) ) ' (30) 

where k(s) = a?n(as). This shows that the distance from 7 and the axis 
(AT + B) x (6q x (AT + B)) is proportional to it's curvature, which is a 
characterization for planar elastic curves. Thus, there exist an E £ M with 

E = k ,2 {s) + -k i {s) + lk 2 {s) 

(31) 

= a 6 K /2 (as) + — K 4 (as) + la A n 2 (as) 
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or equivalently 



1 + A 5 



From ( 32 ) we obtain 



E 



I 



1 + A 2 



k\s) 



E 



(1 + A 2 )^ 



(l + A 2 ) 3 ^ 2 4 



(1 + A 2 )* 2 . 



Computing 



%, XT + B) = Aoi + a 3 



^-2(^)'(1 + A 2 )A-^ 2 (1 + A 2 ) 2 A 



(32) 



(33) 



(34) 



yields 



2(1 + A 2 )A(-)' + \k 2 {1 + A 2 ) 2 A = hfi - (b , XT + B) 



Plugging (33) in (|35j) we get 

2A£ 



1 



;i + a 2 ) 2 k 2 2 



Xji - (bo, XT + B) . 



(35) 



(36) 



Since 7 is a non-planar curve with non-constant curvature, we obtain E = 0. 
Conversely if 7 is an elastic curve with zero energy then it is apparent from 
(33) and (34) that (bo, XT + B) = \X[i is constant. Hence 



= (b' , XT + B) = (/iiV + f 2 B, XT + B) = f 2 . (37) 

From ( |30| ) one sees that (b\, XT + B) is conserved as well and therefore 

= <6i(os), AT + B) = - ( 7 (as) x (f\(as)N(as) + f 2 (as)B(as)), XT + B) 
= -fi(as) (-/(as), N(as) x AT + B) 

= -fi(as)a( x f(s),f(s) i 



(38) 
□ 



-fi{as)a- (j(s), 7(3))'. 



This shows that fi vanishes as well. 



4 Momentum strips 

Definition 2. A curve 7 defines a momentum strip, if 

(61 + 7 x bo,T) 
is a constant non-zero function. 



(39) 
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In [3] it is shown that an arclength parametrized spherical elastic curve 
with geodesic curvature A satisfies 

X' 2 + \x' + (l- l -)X 2 = A, (40) 

where I denotes the Lagrange multiplier and A an arbitrary constant. 

Theorem 1. For an elastic momentum strip with Lagrange multiplier \i the 
binormal B of 7 is a spherical elastic curve with Lagrange multiplier —fj,. 
Conversely for each such arclength parametrized curve B: [0,L] — > S 2 with 
non-vanishing, non-constant geodesic curvature X and T := Bx B' , the space 
curve 



defines an elastic momentum strip with 



(l + X^dt- fj,L(j). 



(41) 



(42) 







Proof By scaling the curve 7 one can achieve s± 
thus 

1 



A(l + A 2 ) 



} 1 +jxb ,T) = 2, 
(43) 



( fo o, b ) = + ^) 2 + ^A' 2 ( S )(1 + X 2 (s)) 2 + ^ 



4 v A 2 (s) 

X' 2 (t) 1 1 
+ 



1 n 



(44) 



A 4 (t) ' 4A 4 (t) ' A 2 (t) ( 2 4 ' 
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where A(i) := X(s(t)), t'(s) := 1 + X 2 (s(t)). Using the Frenet equations 
it is apparent that t is the arclength parameter of B and A its curvature. 

A 



(44) is equivalent to 
1 



, x' 2 (t)+x*(t)(^-(b ,b )) + q + i)x 2 (t). 



(45) 



Obviously any solution of (45) has no zeros, thus we obtain 

,2 



1 



1 , 1 



1 



(t^)' 2 + 7(t^) 4 + (S + 1)(t^) 2 



x(t) ^x(ty 



x(ty 



(^-(60,60)). (46) 



In particular we obtain from (46) that B is a spherical elastic curve with 
Lagrange multiplier —fx for an elastic momentum strip. Conversely, let B be 
such an arclength parametrized spherical elastic curve with non-vanishing, 
non-constant geodesic curvature A, then one can easily check from 
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B' = -N 
— N' = XT -B 
V = XN 

that 7(i) = /q(1 + )T(s)ds has curvature k = 1 ^ i ^ and modified 

torsion jr. Hence 7 defines a momentum strip. It remains to show that 7 

defines an elastic strip. Consider the arclength reparametrized curve j(s) = 

j(t(s)), with f(s) := - — — . Substituting - for A in the first equation of 

A 



(44) yields 

(b , b ) = X' 2 (t(s)) + ^A 4 (t( S )) + (1 + f )A 2 (£( S )) + (47) 

Since B is a spherical elastic curve with Lagrange multiplier —\i we get that 
{bo, bo) is conserved. Furthermore (bo, bi) is constant due algebraic reasons: 



(6 , h) = siai + s 2 a 2 + s 3 a 3 

1 

A 2 



A 2 + / ,_ A 2 (1 _ 1) (48) 



Therefore 



= /x+ 1. 

= (6o,&i)' 
= <6 , ,6i> + <6 ,- 7 x6 / > 

= <6 / ,6 1 >-<6' ,6 X7> 

= <6' ,6i + 7 x 6 ) 

= (/i^ + / 2 S,6 1 + 7 x 6 > ( 49 ) 
= h (B, h + 7 x b ) 
= /2S3 

= / 2 (l-^)A. 



Since A is a non constant solution of (47) we get f 2 = 0. (bo, bo) being 
constant yields 

= (b , bo)' = (fiN, b ) = Aa 2 = / X A'(1 + ^). (50) 
Hence f\ vanishes as well and 7 defines an elastic strip. □ 



5 Force-free strips 

Definition 3. An elastic strip is called force-free, if bo = . 
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From a\ = it is evident that fi < 0. By scaling the curve one can 
achieve that fi = —1. 

Lemma 3. Let 7 be a curve with non-constant modified torsion A = ^. Then 
the following conditions are equivalent: 

1. 7 defines a force-free strip, 



2. h = 2XT + 2A'(1 + X 2 )N + (1 - \ 2 )B is constant, 



3. a\ = and (J, J) is conserved, J := s\T + S2N + S3-B. 



Proof It remains only to prove that the third condition implies the first. 
From a\ = we obtain 02 = and 



1 



1 + A 2 ' 



With (51) one computes 



(J, J) = (4A ,2 + 1) (1 + A 



i2\2 



(51) 



(52) 



From (26) and (27) one checks J' = —a^N + 02-B, hence 

= (J, J') = (J, -a 3 N + a 2J B) 
= -CL3S2 + a 2 S3 
= -a 3 s 2 

= -a 3 2(l + A 2 )A'. 



(53) 



From (52) it follows that A is a non-constant elliptic function, which implies 
a 3 = 0. □ 

Theorem 2. For a force-free strip, the tangent vector T of 7 is a spherical 
elastic curve with Lagrange multiplier 1. Conversely for each such spherical 
arclength parametrized curve T: [0,1] -»■ S 2 with geodesic curvature A the 
space curve 



7 (t)= / (i + A 2 ( s ))r( s )d s , 

JO 

defines a force-free strip, with 



(54) 



/ 2(l + A 2 )(ft = 2L( 7 ). 
•/ 



(55) 
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Proof. Let 7, with arclength parameter s, define a force-free strip. We 
already know from (52) that (4A /2 + 1)(1 + A 2 ) 2 = (61,61). Applying the 
Frenet formulas ( 12 ) it is apparent that A is the geodesic curvature of the 
spherical curve T. Consider the reparametrized tangent vector 

f(t) := T{s{t)) with s'(t) = 1 + \ 2 (s(t)), A(i) = \(s(t)). 

Now one calculates: 

X'\t) + \l\t) + \x 2 {t) 

= X' 2 ((s(t))(l + X\s(t))) 2 + \xHs(t)) + IxHsit)) 



(4X' 2 (s(t))(l + X 2 (s(t)) 2 + X 4 (s(t)) + 2X 2 (s(t)) + 1-1) 



(4A"(*(t)) + l)((l + A^( a (t)n 



1 

4 



(61,61 



1 

4" 



From (51 ) one observes easily that 



T 



(56) 



1. (56) ensures that T is a spherical 



elastic curve with Lagrange multiplier 1. 
Conversely let T be such an arclength parametrized spherical elastic curve 
with geodesic curvature A, then the Frenet equations are 



r 

N' 
B' 



N 

-T +XB 
-XN. 



(57) 



One can easily check that (54) has curvature k = and modified torsion 

(58) 



A, therefore a\ = 0. Consider the arclength reparamertized curve 

1 



7(5) := j(t(s)), with t'(s) 



1 + A 2 (t( s ))" 



(52) yields 



(J,J) = (4A'( S ) + 1)(1 + A 2 ( S ))(1 + A 2 ) 2 



(4 



+ + y (t(s)y 



(1 + *»(*(*)))» 

4X' 2 (t(s)) + 1 + 2X 2 (t(s)) + X A (t(s)). 



Therefore we obtain 



= A' 2 (t( S )) + \x\t(s)) + Ix 2 ^)). 



(59) 



(60) 
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(60) shows that (J, J) is conserved, since T is a spherical elastic curve with 
Lagrange multiplier 1. The claim follows now from the previous lemma. □ 



Figure 1: A force-free strip and the corresponding tangent curve. 

In fact, there is a more elegant way to describe force-free strips without 
making use of the calculus of variation and differential equations we required 
for the previous arguments. 

We will look at the tangent image T of a Frenet curve 7 in IR 3 as a regular 
curve, i.e. as an equivalence class of parameterizations. Then there are many 
(not necessarily arclength parametrized) curves 7 : [0, L] 1— > R 3 with the same 
tangent image T. We temporarily fix the tangent image and minimize S-i 
among all curves with the same tangent image. 




Theorem . Let T: [0, L\ 1— > S 2 be an arclength parametrized spherical curve 
with curvature A. Then among all Frenet curves with tangent image T the 
curve (54) minimizes S—i and is unique up to translations. 

Proof. For any curve 7 with tangent image T and curvature h we have by 
the inequality between arithmetic and geometric mean 



SU(7) = [ L (k 2 (l + X 2 ) 2 + l)ldt 
Jo K 

= [ L \r{\ + \ 2 ) 2 + l)dt 
Jo K 

> [ 2(1 + \ 2 )dt 
Jo 



2L( 7 ) 
5-i(7). 



□ 
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For force-free strips the bending energy is critical even if the end points 
of 7 are allowed to move, since the force vector bo comes from the boundary 
terms of the first variational formula. This implies that the boundary term 
drops out automatically. There are no conditions on the end points of 7 and 
the variational problem of 7 can be reduced to a variational problem on the 
tangent image. Consequently one can deduce Theorem 2 from the previous 

theorem, since 2(1 + A 2 )dt has a critical value iff T is a spherical elastic 
curve with Lagrange multiplier 1. Langer and Singer [3] showed that there 

are infinitely many closed curves minimizing J 2(1 + A 2 ) eft. Each such curve 
defines a closed force-free strip, since the mass center of T is zero. In Ej, 
it is shown that each closed spherical elastic curve with Lagrange multiplier 
1 corresponds to a Willmore torus in S 3 . More precisely, let T be such a 
spherical curve, then we can parametrize all possible adapted frames (lifted 



to S 3 ) along the curve (54) by the frame cylinder F : [0, L] x S 1 — > S 3 . F is 
the preimage of the tangent image T under the Hopf map S 3 — > S 2 described 
in [4J. We obtain the following 

Corollary. The frame cylinder of a force-free strip is Willmore in S 3 . 

We generalize the previous method and reduce the variational problem 
to spherical curves. 

Definition 4. For an arclength parametrized spherical curve T we call 

P(T):=2[ y/{T, b ) - m(1 + A 2 )ds (61) 
J 

the P-functional. 

Theorem . For a critical point 7 of the modified Sadowsky functional the 
tangent vector T with spherical curvature X is a critical point of the P- 
functional. 

Proof. Let T : [0, L] 1— > S 2 be an arclength parametrized spherical curve with 
curvature A. For any function k: [0, L\ 1— > M + , we can define a regular space 
curve 

7 (t) = / -Tds. (62) 
Jo K 

7 has curvature k and the Sadowsky functional of 7 is given by 

S(k) = [ K{l + X 2 ) 2 ds. (63) 
Jo 

We want to look for critical points of S when T is held fixed (only k varies). 
We do these variations of 7 under two constraints: The length 

L= f -ds (64) 
Jo K 
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and the end points of 7 

7 (L) = / -Tds (65) 



L 1. 







K 

will be held fixed. These four scalar constraints allow us to add four Lagrange 



multipliers to the functional ( 63 ) , conventionally gathered into a scalar fi and 
a vector 60 £R 3 : 

P T ( K ) = /%(! + A 2 ) 2 - ^ + (T ^)d S . (66) 

J K K 

Varying k yields 



Pr / L ( ^ ( (l + A 2 ) 2 + 4-^))d S , (67) 







so k is critical for Pj- iff 

(T,bo) = k 2 (1 + A 2 ) 2 + //. (68) 



Computing k from (68) yields 

_ y/(T,bo)-n 
K ~ 1 + A2 • 

Then Pt becomes 



P(T) = 2 / y/(T,bo)-rtl + >?)ds- 
Jo 



(69) 



(70) 



This shows that for critical point 7 of the tangent image T is a critical 
point of the P-functional. □ 
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